HYPERSURFACES OF CONSTANT CURVATURE IN 
HYPERBOLIC SPACE I. 



BO GUAN, JOEL SPRUCK, AND MAREK SZAPIEL 

Abstract. We investigate the problem of finding complete strictly convex hyper- 
surfaces of constant curvature in hyperbolic space with a prescribed asymptotic 
boundary at infinity for a general class of curvature functions. 



1. Introduction 

In this paper we study Weingarten hypersurfaces of constant curvature in hyper- 
bolic space EI"+^ with a prescribed asymptotic boundary at infinity. More precisely, 
given a disjoint collection F = {Fi, . . . , F^} of closed embedded (n — 1) dimensional 
submanifolds of doo^^~^^, the ideal boundary of H""'"^ at infinity, and a smooth sym- 
metric function / of n variables, we seek a complete hypersurface S in H'^"'"^ satisfying 

(1.1) mn) = cj 

where k[T] = (/ti, . . . , k„) denotes the hyperbolic principal curvatures of S and a is 
a constant, with the asymptotic boundary 

(1.2) 9S = F. 
We will use the half-space model, 

= {{x,Xn+i) G M"+' : Xn+l > 0} 
equipped with the hyperbolic metric 

r::^dx^ 



[1.3) ds' 



Thus 5ooHI"+i is naturally identified with M" = x {0} C M"+^ and may be 
understood in the Euclidean sense. For convenience we say S has compact asymptotic 
boundary if C c^ooIHI""'"^ is compact with respect the Euclidean metric in M". 
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The function / is assumed to satisfy the fundamental structure conditions: 

(1.4) /,(A) = >0 inK, l<i<n, 

(1.5) / is a concave function in K, 
and 

(1.6) f >0 inK, f = ondK 
where i^' C M*^ is an open symmetric convex cone such that 

(1.7) ir+ := {A G M" : each component Aj > O} C K. 
In addition, we shall assume that / is normalized 

(1.8) /(1,...,1) = 1 
and satisfies the following more technical assumptions 

(1.9) /is homogeneous of degree one 
and 

(1.10) lim /(Ai, ■ ■ ■ , A„_i, A„ + -R) > 1 + £0 uniformly in i?^„(l) 

for some fixed > and 6o > 0, where -850(1) is the ball of radius 60 centered at 
1 = (1,...,1) G M". 

All these assumptions are satisfied by / = {ak/cri)~' , < I < k < n, defined in 
Kk where 0"^ is the normalized k-th elementary symmetric polynomial (ctq = 1) and 

Kk = {XeM.'' : aj{X) > 0, V 1 < j < A;}. 

See [3] for proof of (ll.4p and (11.51) . For (11.101) one easily computes that 

lim /(Ai, ■ ■ ■ , A„_i, Xn + R) = f y) ' . 
Since / is symmetric, by (11. 5p . (ll.Sp and (II. 9p we have 

(1.11) /(A) < /(I) + J2 - 1) = E /^(i)^^ = ^ E ^ ^ ^1 

and 

(1.12) J]/,(A) = /(A) + 5^/.(A)(l-A.)>/(l) = l inii-. 
Moreover, (11.41) and /(O) = imply that 

(1.13) />Oinir+. 
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In this paper we shall focus on the case of finding complete hypersurfaces satisfying 
( ]l.ip -( fL2l) with positive hyperbolic principal curvatures everywhere; for convenience 
we shall call such hypersurfaces (hyperbolically) locally strictly convex. In Part II [11] 
we will allow f satisfying fll.4l) - fll.lOI) and general cones K. 

Before we state our first result we need to explain the orientation of hj^ersurfaces 
under consideration. In this paper all hypersurfaces in H""*"^ we consider are assumed 
to be connected and orientable. If S is a complete hypersurface in H""*"^ with compact 
asymptotic boundary at infinity, then the normal vector field of S is chosen to be the 
one pointing to the unique unbounded region in M""^^ \ S, and the (both hyperbolic 
and Euclidean) principal curvatures of S are calculated with respect to this normal 
vector field. 

Theorem 1.1. Let H he a complete locally strictly convex hypersurface in EI"+^ 
with compact asymptotic boundary at infinity. Then S is the (vertical) graph of a 
function u G C^(fi) fl C^{VL), u > in Q and u = on Q, for some domain Q C M"".' 

S = {{x,u{x)) e M++^ -xeVt] 

such that 

(1.14) {5ij + UiUj + uuij} > in VL. 
That is, the function + |xp is strictly convex. Moreover, 

(1.15) e"\/l + iDnp < max \ maxe", max a/1 + iDnp i in Q. 

' ' - in en ' ' J 

According to Theorem I l.lj Problem fll.ll) - fll.2p for complete locally strictly convex 
hypersurfaces reduces to the Dirichlet problem for a fully nonlinear second order 
equation which we shall write in the form 

(1.16) G(D\, Du,u) = -, u>0 inQc M" 

u 

with the boundary condition 

(1.17) u = on dn. 

In particular, F must be the boundary of some bounded domain in M". The exact 
formula of G will be given in Section [2J 

We seek solutions of equation fll.l6p satisfying (11.141) . Following the literature we 
call such solutions admissible. By ^ condition (11.41) implies that equation (I1.16P is 
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elliptic for admissible solutions. Our goal is to show that the Dirichlet problem (11.161) - 
( 11.17P admits smooth admissible solutions for all < a < 1 which is also a necessary- 
condition by the comparison principle under conditions (II. 8p and (11.91) . as we shall 
see in Section |3l Due to the special nature of the problem, there are substantial 
technical difficulties to overcome and we have not yet succeeded in finding solutions 
for all cr G (0, 1). However we shall prove 

Theorem 1.2. Let T = dQ x {0} C M"+^ where Q is a bounded smooth domain in M". 
Suppose that a G (0, 1) satisfies > |. Under conditions ( [i.y^p - pTTOj) with K = , 
there exists a complete locally strictly convex hypersurface S in H""*"^ satisfying U.l\) - 
1^1. S\) with uniformly bounded principal curvatures 

(1.18) <C onT.. 

Moreover, E is the graph of an admissible solutionu G C^{VL)r\C'^{VL) of the Dirichlet 
problem fri^ )- [rn\ ). Furthermore, G C^^i^l) H C^'^(n) and 

V^l + \Du\^ < -, <C inn 

(1.19) ^ 

y/l + \Du\^ = - ondn 
a 

For Gauss curvature, /(A) = (IIAj)", Theorem 11.21 was proved by Rosenberg and 
Spruck [15] who in fact allowed all a G (0, 1). 

As we shall see in Section [2l equation (11.161) is singular where u = 0. It is therefore 
natural to approximate the boundary condition (I1.17P by 

(1.20) u = e>0 ondn. 

When e is sufficiently small, the Dirichlet problem (I1.16l) . (ll.20p is solvable for all 
aG (0,1). 

Theorem 1.3. Let Q be a bounded smooth domain in and a G (0, 1). Suppose f 
satisfies ( [j.^[ )- pT7^) with K = . Then for any e > sufficiently small, there exists 
an admissible solution G C'^{Vt) of the Dirichlet problem I^1.16{) . fl.20\) . Moreover, 
u'^ satisfies the a priori estimates 
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(1.22) m'IDVI < ^ mn 

where C is independent of e. 

The organization of the paper is as follows. Section 2 summarizes the basic infor- 
mation about vertical and radial graphs that we will need in the sequel. In section 3 
we prove global gradient bounds and some sharp estimates on the vertical component 
of the upward normal near the boundary. These are essential for the boundary second 
derivative estimates which we derive in Section 4. Here we make essential use of the 
exact form of the linearized operator to derive the mixed normal-tangential estimates 
and assumption (11.101) for the pure normal second derivative estimate. In Section 
5 we prove a maximum principle for the maxmum hyperbolic principle curvature. 
Our approach uses radial graphs and is new and rather delicate. It is here that we 
have had to restrict the allowable a G (0, 1) to o"^ > |. Otherwise our approach is 
completely general and we expect Theorem 11.21 is valid for all a G (0, 1). Because the 
linearized operator is not necessarily elliptic we prove Theorem 11.21 by an iterative 
procedure which is carried out in Section 6. Because of this, we have derived all 
our estimates for a fairly general class of hypersurfaces of prescribed curvature as a 
function of position. 

2. Formulas for hyperbolic principal curvatures 

Let S be a hypersurface in EI"'^^ and g the induced metric on S from EI"'+^. For 
convenience we call g the hyperbolic metric, while the Euclidean metric on S means 
the induced metric from M""*"^. We use X and u to denote the position vector and 
height function, defined as 

u = X ■ e, 

of S in respectively. Here and throughout this paper, e is the unit vector in 

the positive Xn+i direction in R""*"^, and '■' denotes the Euclidean inner product in 
]gn+i^ We assume S is orientable and let n be a fixed global unit normal vector field 
to S with respect to the hyperbolic metric. This also determines an Euclidean unit 
normal z/ to S by the relation 

n 

u = —. 
u 

We denote z/"+^ = &■ u. 
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Let ei, ■ ■ ■ , be a local ortlinormal frame of vector fields on (S, g). The second 
fundamental form of S is locally given by 

hij := (Ve,ej,n) 

where (■, ■) and V denote the metric and Levi-Civita connection of H""*"^ respectively. 
The (hyperbolic) principal curvatures of E, denoted as = . . . , are the 
eigenvalues of the second fundamental form. The relation between and the 
Euclidean principal curvatures = {nf, ■ ■ ■ , k^) is given by 

(2.1) Ki = unf + z/"+^ 1 < z < n. 

We shall derive equations for S based on this formula when S satisfies (11. ip . 



2.1. Vertical graphs. Suppose S is locally represented as the graph of a function 
u G C^(ri), M > 0, in a domain C M": 



S = {ix,u{x)) e : xen}. 

In this case we take u to be the upward (Euclidean) unit normal vector field to S: 

-Du 1 



w ' w 



— , w = Dm p. 



The Euclidean metric and second fundamental form of S are given respectively by 

afj = Sij + UiUj, 

and 

~ w ■ 

According to [4], the Euclidean principal curvatures K'^fS] are the eigenvalues of the 
symmetric matrix y4^[M] = [a^]: 

(2.2) ag := -I'^^Uul'^ 

where 

^ w{l + wy 

Note that the matrix {7*"'} is invertible with inverse 

UiUj 

7.- = k + ^ 
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which is the square root of {gfj}, i.e., 'jik'^kj = gfj- /,From (12.11) we see that the 
hyperbohc principal curvatures k[u] of E are the eigenvalues of the matrix A^[u] = 

(2.3) al[u]:=^(^6i,+uY'uMV'). 

Let S be the vector space of n x n symmetric matrices and 

SK = {AeS: \{A) e K}, 
where X{A) = (Ai, . . . , A„) denotes the eigenvalues of A. Define a function F by 

(2.4) F(A) = /(A(A)), AeSk. 

We recall some properties of F. Throughout the paper we denote 

BF rP'F 

(2.5) F^^{A) = ^{A), F^^>'(A) = j^^^iA). 

The matrix {F^^{A)}, which is symmetric, has eigenvalues /i, . . . , /„, and therefore is 
positive definite for A G Sk if / satisfies (II. 4p . while ( 11. Sp implies that F is concave 
for A e Sk (see [3]), that is 

(2.6) F*^'''(A)e.,a« < 0, V {e.,} eS, Ae Sk. 
We have 

(2.7) r={A)a,^ = J2MHA))\, 

(2.8) F^^{A)a,ka,k = J2m{A))\l 
Finally, the function G in equation (11.16P is determined by 

(2.9) G{Dhi, Du, u) = -F(A^M). 

u 

where A^[u] = {ajj[u]} is given by (12. 3p . Note that 



BC 1 

G^'lu] := ^ = -F'^Y'^'^ 
dust w 



(2.10) G^*[nK = i(F%-iVF^ 



and 

(2.11) GP^'^nd := , ^ = ^F'^^'y^^^i^'^P^'?' 

dUpqdUst 
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where F^^ = F^^{A^[u]), etc. It follows that, under condition (11 .4^ . equation f ll.l6p 
is elliptic for u if A^[u] G Sk, while (II .Sp implies that G{D'^u, Du,u) is concave with 
respect to D^u. 

For later use in section [6] note that if u is a solution of 

(2.12) G(DV Du, u) = G{D\, Du, u) - ip{x, u) = 
then from (12111 

(2.13) G^ = i^u-u^u--y2 f^) 

where \E'(x,m) = uip{x,u). Since X] /« — 1; obtain from (12.131) 

(2.14) Gu<-,h~u^>^--). 



\ w 

2.2. Radial graphs. Let V denote the covariant derivative on the standard unit 
sphere S"" in M"-"*"^ and ?/ = e ■ z for z G §" C M."'^^. Let Ti, ■ ■ ■ , r„ be an orthnormal 
local frame of smooth vector fields on the upper hemisphere S" so that ■ Tj = 6ij. 
For a function v on we denote Vi = Vjf = V^v, Vij = VjVjf , etc. 

Suppose that locally S is a radial graph over the upper hemisphere §" C M""*"^, i.e., 
it is locally represented as 

(2.15) X = e^z, z G S+ C M"+\ 

The Euclidean metric, outward unit normal vector and second fundamental from of 
S are 

gfj = e'^''{6ij + ViVj) 

z/ = , w=(l+ VfP)^ 

w 

and 

hf. = —e^ivij - ViVj - 5ij) 
w 

respectively. Therefore the Euclidean principal curvatures are the eigenvalues of the 
matrix 

(2.16) ag = -e-^Y\vki - vm - 5uW^ = -e'"' {^'''vka'' - 5,,) 



where 
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^J -S ^ 



■'13 



w{l + w) 
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Note that the height function u = ye". We see that the hyperbohc principal curvatures 
are the eigenvalues of the matrix A^[v] = {a^j[v]}: 

(2.17) a^^[v] := -{yf^VMl'' - e ■ Vv6,,). 

w 

In this case equation (11.11) takes the form 

(2.18) ^(^'M) = ^• 



3. Locally convex hypersurfaces. estimates 

3.1. Equidistance spheres. There are two important facts which will be used re- 
peatedly. One is the invariance of equation (II. ip under scaling X ^-^ XX in M""*"^, as 
it is an isometry of H""'"^. The other is that the Euclidean spheres, known as equidis- 
tance spheres, have constant hyperbolic principal curvatures. Let Bf{{a) be a ball of 
radius R centered at a = (a', -aR) e M"+^ where a e (0, 1) and S = <95^(a) fl M"+^ 
Then Ki[S] = a for all 1 < i < n with respect to its outward normal. These spheres 
may serve as barriers in many situations. Especially, we have the following estimates 
which were first derived in [8] for hypersurfaces of constant mean curvature. 

Lemma 3.1. Suppose f satisfies (T^, U.8\) and U.9\) . Let he a hypersurface in 
with k[T] E K and 

where < cti < < 1 are constants, and 9S C -P(e) = {xn+i = e}, e > 0. Let Q 
be the region in M" bounded by the projection of dT, to M" = {xn+i = 0} (such that 
M" \ contains an unbounded component), and u denote the height function ofL. 
(i) For any point {x,u) G S, 

(3.1) + dix),f^ < u < -,/^ + 6, 

where d{x) and L denote the distance from x G M" to dQ and the (Euclidean) diameter 
ofQ, respectively. 

(a) Assume that dT, G C^. For e > sufficiently small, 

(3.2) - - ^''^ t < < a, + + ^''^ ^ on flE 

n ri r2 ^2 
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where ri and r2 are the maximal radii of exterior and interior spheres to d^l, respec- 
tively. In particular, if (Xi = a2 = cr then u'^^'^ a on 9S as e — > 0. 

While Lemma 13.11 was proved in [8j only for the mean curvature case, the proof 
remains valid for more general symmetric functions of principal curvatures with minor 
modifications. So we omit the proof here. 

Another important class of hypersurfaces of constant principal curvatures are the 
horospheres P(e) = {xn+i = e}, e > 0. Indeed, from (12. ip we see that K[P{e)] = 1. 
By the comparison principle we immediately obtain the following necessary condition 
for the solvability of problem fll.ip - fll.2l) . 

Lemma 3.2. Suppose that f satisfies {T^_) and ( fi.<§l) . and that there is a hypersurface 



S in H""*"^ which satisfies ( fi.il) and ( fi.^) with k.[T] G K. Then a < 1. 

3.2. Locally strictly convex hypersurfaces. We now consider hypersurfaces of 
positive principal curvatures in EI"+^; we call such hypersurfaces locally strictly convex. 

Lemma 3.3. Let S C > c} be a locally strictly convex hypersurface of class 

C"^ in W^^^ with compact (asymptotic) boundary 5S C {xn+i = c} for some constant 
c > 0. Then H is a vertical graph. In particular, (9S is is boundary of a bounded 
domain in {xn+i = c}. 

Proof. Let T be the set of t > c such that := S fl {xn+i > t} is a vertical graph 
and let to be the minimum of T which is clearly nonempty. Suppose to > c. Then 
there must be a point p G dT^tQ with z/"~*"^(p) = 0, that is, the normal vector to E at 
p is horizontal. It follows from (12. ip that nf = Ki/tQ > for all 1 < i < n at p. On 
the other hand, the curve S fl P (near p) clearly has nonpositive curvature at p (with 
respect to the normal z^(p)), where P is the plane through p spanned by e and i'{p). 
This is a contradiction, proving that to = c. □ 

By the formula (12. 3p the graph of a function u is locally strictly convex if and only if 
the function U = |xp + is (locally) strictly convex, i.e., its Hessian D'^U is positive 
definite. We define the class of admissible functions in a domain f2 C M" as 

(3.3) A{n) = {ue C^{n) : M > 0, |xp + is locally strictly convex in fi} . 
By the convexity of |xp + we immediately have 

(3.4) \Du\<-(l + max u I Du I 



u \ dn 
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where L is the diameter of VL. The following gradient estimate, which improves (13 ■4p 
in the sense that it is independent of the (positive) lower bound of m, will be crucial 
to our results. 

Lemma 3.4. Let u G A{Vt). Then 

(3.5) e^Vl + |Du|2 < max|supe",niaxe"Vl + \Du\^y 



Proof. If c^a/I + I -Dm 1 2 attains its maximum at an interior point Xq € then at Xq, 

.A 

dxi 



^^Uj{5ij + UiUj + Uij) = e~" — (c^a/I + \Du\^) =0, W 1 < i < n. 



1 

If follows that Du{xq) = as the matrix {5ij + UiUj + Uij} is positive definite. □ 

Lemma 3.5. Let u E A{^1) satisfy 

{o'l < /(k[m]) < (72, in n 
u > e, inVt 
M = e, on dVl 

where < cri < (T2 < 1, e > and dVt G . Suppose f satisfies ( [i.<§]) anc? 

( fi.gj) . Then, for e sufficiently small, 



1 



(3.7) >ffi-Ce(e + Jl-g^) m 

Proof. By Lemma [3.11 we have, for e sufficiently small, 

2 



(3.8) Vl + > on dn. 

Fix A > (sufficiently large) such that 



(3-9) 7TTA/^^<ln- 



2A V 1 + cTi ~ 1 + 0-2 
where L is the diameter of Q, and let 

A 

where fi'^ = Then K[n^](a;) = k[u]{Xx) in f]^. It follow that G v4(fi^) and 

< /(/t^]) < ^2, infi^ 

(3.10) <( u^>j, in 

M^ = f , on ai]^ 
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Applying Lemma \3A\ to u^, we have by f l3.8p and (13.91) . 



- - < —X — < max In a/1 + \Du^\^ in 



or 



(3.11) supe"^ < max a/1 + \Du^\^. 

By (13. lip . Lemma [3.41 and Lemma [3.11 (part ii, formula (13.21) ). 



1 ^ (u^--^) ■ 1 

> A -> mm ■ 



(3.12) 



y/l + |Dm^|2 aa^ + |L)n^|2 

> min > ai - Ce(e + i/l - a?). 

~ dn^ ^1 + |DmA|2 - ' 'V 1^ 



This proves (13. 7p . □ 



4. Boundary estimates for second derivatives 

Let f2 be a bounded smooth domain in M". In this section we establish boundary 
estimates for second derivatives of admissible solutions to the Dirichlet problem 

{G{D'^u, Du,u) = ^{x,u), mil 
u = e, on dil 

where G is defined in (12.91) and ip G C°°{Q x M+). We assume that ip satisfies the 
following conditions: 

(4.2) 0<^(x,z) <^—^, \D,ij{x,z)\ + \ij,ix,z)\<^, VxeWs, zEiO,e^) 



(4.1 



z 



(4.3) ipix.z) = y X edn, z E iO,ei). 

where C is a large fixed constant, ei > is a small fixed constant, S = and 

ns = {xen: d{x,dn) < 6}. 

Remark 4.1. We have in mind \E' := wip{x,u) = cr + M{u — v{x)) where M G [0, ^] 
and f = e on dQ, |Vf | < C in Q. We will need this generality because (see (I2.14p ) 
Gu = Gu — 'ipu may be positive in VL causing us some trouble when we try to prove 
Theorem 11.31 Note also that conditions (14.21) . (14. 3 p imply oscn^\E' < 7^ < ^ which is 
used at the end of the proof when we need to appeal to Lemma 13.51 
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Theorem 4.2. Let Vl he a hounded domain in M", dVl G , and u G C^ipl) n^(fi) a 
solution of prohlem Suppose that f satisfies (T^-^7T^) and ip satisfies 

and Then, if e is sufficiently small, 

(4.4) u\D'^u\ <C ondVL 
where C is independent of e. 

The notation of this section foUows that of subsection 12.11 We first consider the 
partial hnearized operator of G at u: 

L = C'dsdt + G'ds 

where G** is defined in (I2.10p and 

(4.5) G':=^ = -^F"a, - ±F"a., f -'u.Y' + -r<" ■) ^ 

OUs w^u wu V 1 + w / w'^u 

by the formula (2.21) in [10], where F'^ = F^J(A^[u]) and a,j = ajj[u]. Since {F'^} 
and {ttij} are both positive definite and can be diagonalized simultaneously, we see 
that 

(4.6) F^w^e, >o, veeM^ 

Moreover, by the concavity of / we have the following inequality similar to Lemma 2.3 
in m 



(4.7) Ei^i^^(i + E^^ 



Since 7^-'Ms = uj/w, 

(4.8) G'us = 1 1 (^-^ - l) F'^ai, - ^F'^a^kUkU, + ^F'^muj } . 
It follows from (12101) and dSSD that 

(4.9) Lu = ArF'^aij - — V F*' - -^F'^aikUkU^ + -^F'^muj 
Lemma 4.3. Suppose that f satisfies ( f-?.<5]) . ( fi.<§]) and ( fi.gj) . T/ien 
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Proof. By (jM]) and (iLQll . 

1 1 . 2 



L- = — ^Lu + ^C^UgUt 
u u 



(4.11) =-\lu + ^F'^u,u 



Thus f l4A0l) follows from ffT:T2l) and (i^!). □ 



Lemma 4.4. For 1 < i, j < n, 

(4.12) L(XiMj - XjMi) = {iJu - Gu){XiUj - XjUi) + Xii)^^ - Xjlp^^ 

where 

(4.13) ~ 

Proof. For G M let 



yi = Xi cos 6 — Xj sin 9 
Uj = Xi sin 9 + Xj cos 6^ 
yk = Xk, ^kj^i,j. 

Differentiate the equation 

GiDMy), Du{y),u{y)) = ^{y, u{y)) 
with respect to 9 and set ^ = afterwards. We obtain 



du 
"d9 



- ^ 
-o~d9 



^{y,u{y)) 



which yields ( 1021) . 



□ 



Proof of Theorem \4.S\ Consider an arbitrary point on dQ, which we may assume to 
be the origin of M" and choose the coordinates so that the positive x„ axis is the 
interior normal to dQ at the origin. There exists a uniform constant r > such that 
dQ n Br{0) can be represented graph 



(4.14) Xn = p{x') = \Y^ B^pXaXp + 0(|a;f ), x = (xi, 



Xn—l I 



a,/3<n 
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Since u = e on dfl, we see that u{x', p{x')) = e and 

(4.15) Uap{0) = -UnPa/S a, (5 < u. 

Consequently, 

(4.16) |Ma/3(0)| < C|L'm(0)|, a,f3<n 

where C depends only on the maximal (Euclidean principal) curvature of dVt. 
Next, following [2] we consider for fixed a <n the operator 

(4.17) T = d^ + Y, Bo.p{xpdn - x^M- 

/3<n 

We have 

\Tu\ <C, in n Bs(0) 

(4.18) ' 

\Tu\ < on dfinBs 

since m = e on d^l. By Lemma and (14.21) . (14.71) . 

\L{Tu) \ = \TG{D\Du,u) -GuTu\ 

(4.19) = \Ti>ix, u) - GuTu\ 

Let 

6 = a(i- -) + B\x\^±Tu. 



\ u/ 

By (USD, dSD, flCTj) and Lemma iJl 

(4.20) L(j)<(- ^ + Cu^B(u + 6) + Cu) + ^-^") ^ ^] n Bg. 

\ 2w / 

We first choose B = ^ with Ci = C the constant in (HTTSD so that > on d{nnBs). 
Then choosing A >> Ci/ei makes L0 < in i7 fl B^. 

By the maximum principle > in f2 fl Since 0(0) = 0, we have 0„(O) > 
which gives 

(4.21) 
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Finally to estimate |Mnn(0)| we use our hypothesis fll.lOl) . We may assume [ua/s 
1 < a, P < n, to he diagonal. Note that Mq,(0) = for q; < n. We have at a: = 

'l + uun ... ^ 
1 + UU22 ■ ■ ■ 



1 

w 



w 

UU2„ 



1 + 



By Lemma 1.2 in [3j, if eM„„(0) is very large, the eigenvalues Ai, . . . , of A^lu] 
are asymptotically given by 



(4.22) 



Xa = — (1 + eMQa(O)) + 0(1), a <n 
w 



W \ \eUnnifi)- 

By ( I4.16P and assumptions (11. 91) - (11. 101) . for all e > sufficiently small, 



ei,{Q,e) = -F{wA-[um)>-{l + '-^ 
w w \ 2 



if eM„„(0) > R where is a uniform constant. By the hypothesis (14.31) and Lemma [3T5| 
however, 

.>i(l + |)£(.-Ce)(l.|)>. 



which is a contradiction. Therefore 



\Unn{0)\ < 



R 



and the proof is complete. 



□ 



5. Global estimates for second derivatives 

In this section we prove a maximum principle for the largest hyperbolic principal 
curvature Kma^ix) of solutions of general curvature equations. For later applications 
we keep track of how the estimates depend on the right hand side of (14. ip . We 
consider 

(5.1) Mix) ''"''^^"'^ 



M^(a;)(i/"+^(x) — a) 
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Theorem 5.1. Let u G C'^{VL) he a positive solution of f{n[u\) = m) where f 
satisfies (T^-^^, A^lu] G Sk, J-'"'^^ > 2a and \E' > (Tq > 0. Suppose M achieves its 
maximum at an interior point xq G Vt. Then either Kmaxl^^o) ^ 16(a + i) or 

(5 2) M\x^) < C ^^'^"' + 1^"'^' + ^'^""1 + 1^""' + 

~ m2(xo) 

where C is a controlled constant. 

If we assume, for example, that 

(5.3) ^! > ao, \^^\ + \^u\ < — , l^xxl + + |^««| < ^ in 

with Li, L2 independent of e, we obtain using Theorem 14.21 

Theorem 5.2. Lei -u G C^(n) 6e a solution of problem wi/i G 

Suppose that f satisfies ( [i.^[ )-( l77^) andip satisfies ( [^.^[ ), ( f5.3|) . T/ien z/e zs sufficiently 
small, 



(5.4) mID^I < (:7(l + maxM|L)\|)— zn 1] 

where C is independent of e. 



We begin the proof of Theorem 15.11 which is long and computational. 
Let S be the graph of u. For x G let Kmax(2^) be the largest principal curvature 
of S at the point X = (x, u{x)) G S. We consider 

(5.5) Mq = max — 

where rj = e ■ u, u is the upward (Euclidean) unit normal to S, and (j) a smooth 
positive function to be chosen later. Suppose that Mq is attained at an interior point 
Xq & Q and let Xq = {xo,u{xo)). 

After a horizontal translation of the origin in M""'"^, we may write S locally near 
Xq as a radial graph 

(5.6) X = e'^z, z G C M"+^ 

with Xq = e^(^o)zo, zq G S!^, such that z/(Xo) = zq. 

In the rest of this section we shall follow the notation in subsection 12.21 and rewrite 
the equation in (14. ip in the form 

(5.7) ^(^'H) = '^ = uiIj 
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where A^[v] is given in f l2.17p : henceforth we write A[v] = A^[v] and aij = a^j[v]. 

We choose an orthnormal local frame ri, . . . , r„ around zq on such that f jj(zo) 
is diagonal. Since i'{Xq) = zq, Vv{zq) = and, by (I2.17p . at zq, 

(5.8) ttij = yvij = KiSij 

where the principal curvatures of S at Xq. We may assume 

(5.9) Ki = fi;max(^o)- 

The function which is defined locally near zq, then achieves its maximum at 
Zo where, therefore 

(5.10) (^^j =0, l<i<n 
and 

(5.11) = ^^"^11'" - ^ °- 
Proposition 5.3. At zq, 

= y'^(f)F'''aii^n + y{(f)^Ki - cfyF^'yjauj - 2y(f)F''yiaii^i 

(5.12) + ('^('^1 + + 1) - l/^e>„Ki - (1 + y^)0,,Ki) ^ /iKj 

+ (i/0^ + i/e>, - (1 + 2|/2)0)ft:, ^ 

+ {2y<f)^ + 2ye"<Pu - y^e^'"<Puu - 2y^e''<Pu^ - 2<f))^i f^V^i 

+ 2(0 - + ye^'cpurifii) fif^iVi- 

Proof. In what follows all calculations are evaluated at zq. Since Vw = 0, we have 



(5.13) w = 1, Wi = 0, Wij = VkiVkj 
(recall w = ^^1 + | Vf P). Straightforward calculations show that 

(5.14) ttij^k = yvijk + VkVij - (e ■ Vv)k5ij 

(5.15) akk/ii = yvkkii + '^yiVkki + yuVkk - (e ■ Wv)ii - yvkkV^ - 2yvlk5ki. 
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Therefore, 

flll.n - Clii,!! = y{Vllii - Viiu - Vnvl + Viivf^) 

(5.16) + yaVn - yuVu + 2{yiVni - yiVm) 

+ (e ■ Vv)u - (e ■ \/v)ii. 

We recall the following formulas 

(5.17) Vijk = Vikj = Vkij 

(5.18) Vkkii = Viikk + '2{vkk - Vii) 
(where we have used the fact that Vf = 0) and, from [8], 

(5.19) ^^2^1-2/2 

(5.20) yij = -y5ij 

(5.21) (e ■ Wv)i = yiVii 



(e ■ Vv)ij = e • TkVkij - 2yvij - e • TjVi 
= ykVijk - '^yvij - VjVi. 



(5.22) 
By (Km and (ESD, 

(5.23) V,,, ^^_yi^^y2^ 

y y y 



(5.24) (e . V.),:. = - (l + i,)K. + 1 ^ 

Plug these formulas into fl5.16p and note that F"^^ = fiSij. We obtain 
y^F''an,ii =y^F''aii^n - yF'\yjauj + 2yiaii^i) 
+ yF'\yjau,j + 2yian^i) - ki ^ 

(5 25) 

+ {Kl + 2yl + l)J2f^^^i-i^ + ^y>iJ2f^ 
+ 2 5^/,/€,yf-2«:i^/,y2. 

Next, recall that u = ye'" and rj := e ■ u = At zq we have rj = y, 

(5.26) rji = yi - (e ■ S/v)i = yi{l - vu) 
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Vii = ya - (e • Vt;)ii - yvl 

(5.27) =-^-7 + ^' + r 



and 

(5.28) Ui = e^T/j, Uii = e^'iKi - y). 
We have 

= -y^l^vYl f^'^i + (y^f^^^Pu + (1 + y^)(Pv) f^'^i 

(5.29) - iy^(Pv + + Kjl/j0^) XI + '^w Yl f^y^^y ~ ^'^^ 

- y4'vYyy^^''"'^'^r 

By (Eini), 

(5.30) aii^i0 = = Ki{(f>r,r]i + e''4>uyi) = i^i(pri(i ~~y)^^^ e^^^Kil/i. 

Using (15.301) we have 

y4>F'\yj an J + 2?/iaii,i) = 

(5.31) 2(#^ + ?/e>„)Ki /ii/f - 2(j)^Ki Y fif^iyi 

+ (2/(1 - y^)<Pv + 1/(1 - y^)e''(pu -<Pr,Y '^ivf)'^^ Y f'- 
Combining (imi) . (IHT^ . (ICTD and dOT]) . we obtain □ 

Lemma 5.4. 

- 2yF'%au,i +y(^^K,-l^ F%au,, > -y^F'^'''a,,,iaki,i 

- C{mi(|*,| + |^„|) + m'(|*,,| + + |^„„|)} 
where C depends on an upper bound for | ^ | . 
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Proof. Since X = e^z, x = e^{z — ye) and u = e""!/. Hence, 



VrjX = e"{Tj - yje) + vjx 

Vr.^ix, u) = e'^i^^ ■ {Tj - y^e) + <iluiyvj + yj)) + (x ■ <i/^)vj 
V,,,,^(x,m) = e2^(D^^(ri - yie){n - Vie) - 2yi^„^ ■ {n - Vie) + ^uuVl) 
+ e^(^^ ■ {Vr.Ti - yue) + ^„(ki + yn)) + (x ■ ^x)vu. 



Using f l5.33p and differentiating equation (15.71) twice gives 



yF%aii,j = u{^, ■ {yjTj - (1 - y^)e) + - y^)) 
yF''yiau,i = ■ {yin - vle) + ^^vl) 

y'^F^'au^n = ^^(^'^^(ri - yie) ■ (n - y^e) + 2yi^ux ■ (n - yie) + ^iJuuvf) 
+ yui'if^ ■ {Vr,n + ye) + - y)) + (x ■ '^^)yKi - y^F'^'''^ 



Formula fl5.32p follows immediately from fl5.34p . □ 
We now make the choice 0(?7, u) = {rj — a)v? where Q < a < rj/2. We have 

iy - «)077 = 0, 0rjr, = 0, M0„ = M^0„n = 20, u{y - a)0„^ = 20. 

By Proposition 15.31 and Lemma [5.41 for Ki > 16(a + ^) 
(5.35) 

-y'^iy - a)F'^'^^aij^iaki^i + ani ^ /j/?^ + -aoKj 

+ {a + 2y^{y - a))Ki ^ + 2(ki + y - a)^fi{Ki- y)y1 + 2y{y - a) fiyf 

< C{mi(|^,| + |*„|) + UW^,,\ + \^ux\ + 

Let < < 1 (to be chosen in a moment) and set 

I = {i : Hi < —6k,i}, 

J = {i: -Oki < Ki<y, fi< rVi}, 

K = {t: -e^, < < /. > rVi}, 

L = {i: Ki> y}. 

Note that for i & L, all the terms on the left hand side of (I5.35p are nonnegative. 
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We have (provided that 6ki > 1), 



2 

i€l iel 

(5.36) >^X1^*(I'**I 
and 

(5.37) 5^ /,(«:, -|/)y2>-2«:i/i. 

According to Andrews [1] and Gerhardt [6] (see also [18], Lemma 3.1 and [16j). 

(5.38) - F->'a.,,a.,, > ^^a^., > 2 

i^j i=2 

By (Ell and fOU]) . 

/ y — Ki \ 

V y-a J 

Therefore, 

2 2 2(1 - e)/«2 

1/ Oil,! ^ {y-^^iiVi^ v^eir. 

1/ - a 

Note that 

(5.39) A:iA > Aji^ = jlz^, vzGK 

It follows that 

(5.40) -y\y- a)F^^'%.,,,aM,i > J] /.(«:. - y)yl 



>2 + e. 



We now fix 6 such that 

4(1-0)2 
1 + 9 

For example, we can choose 6* = |- From fl5.36p . (15.371) and (I5.40p we obtain 

(5.41) y\y - a)F'^'^^a,j,iaM,i + am ^ /.k^ + 2{ki + y - a) ^ fi{K, - y)y} > 
provided that ni > 16(a+ i). Consequently, 

(5.42) < cm,\ + |v&„|)w«i + m2(|v1/,,| + |vl/„,| + |vl>„,|)} 
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Formula fl5.2p follows easily from (15.421) completing the proof of Theorem 15.11 



6. Existence: Proof of Theorems 11.31 and 11.21 

In order to prove Theorem 11.31 we will construct a monotone sequence {u^} of 
admissible functions satisfying (11. 2p in Q starting from uq = e. Having found uq < 
Ui < . . . < Uk, u = Uk+i is a solution of the Dirichlet problem 

,^ ^ , G(D'^u, Du, u) = — (a + -{u — Uk)^ = 4j(x, u) in VL. 

(6.1) u\ e / 

M = e on dVt 

In order to solve (16. ID we use a continuity method for u = u^, <t < 1: 

G(D^u, Du, u) = -(cr+ -{u - {tuk + (1 - t)uk-i))] inQ, k>l 

(6.2) G(D\, Du, u) = - (t(a - 1) + -u) m Q, k = 

u\ e / 

u = e on dQ 

where u G Ak = {u ^ and u admissible} and u^ = Uk- Since u is admissible 
we have from section 3 that |M|cir2 < C for a uniform constant C. Now according to 

- Vn < A - - - -{tUk + (1 - t)Uk-l)) < k > 1 

3^ \ w e / u-^ 

Gu-i^u<\(t{cr-l)--)<--^, k = 0. 

Hence for Q G C^^", the linearized operator for m* is invertible and the set of t 
for which (16.21) is solvable is open. In particular, (16.21) is solvable for < t < 2to- 
Using standard regularity theory for concave fully nonlinear operators, to show the 
closedness of this set, it suffice to show |M|c2(f^') < C for a uniform constant C for 
^0 ^ ^ ^ 1- Observe that \E'(x, u) = uip{x, u) = a + ^{u — {tUk + (1 — t)uk-i)) satisfies 
the conditions (14.21) . (15.31) of Theorem 15. 2[ Hence we obtain an estimate 

12 I Gk 

sup \D u\ < 

where Gk depends on k but is independent of t. Therefore (16.21) is solvable for all 
< t < 1 and so we have found a monotone increasing sequence of solutions to (16.11) . 
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It remains to show that the sequence {uk} converges to a solution of (11.161) . For 
this we need second derivative estimates independent of k. Define 

MJx) 



(6.4) Mi^, < + M, < - + -M^ 



If Mfc(x) achieves its maximum on dQ, then according to Theorem 14.21 Mfc(x) < ^ 
where C is independent of k and e (see Remark 14.1 1) . Otherwise applying Theorem 15. II 
with \E'(x, m) = cr + ^(m — Uk) we obtain 

C C_ C 1 
— + —Mk < — + 

where C is independent of k and e. Iterating (16.41) gives 

It follows that the sequence Uk converges uniformly in C'^~^'^{Q) and the proof of The- 
orem [L3] is complete. 

To finish the proof of Theorem 11.21 we need to show that for cr^ > |, we can obtain 
an estimate for sup^ Kmax which is independent of e as e tends to zero. 
As in Section 5 we define 

M'^max(3;) 
= max — . 

We now choose (j) = rj — a , where inf t] > a. If Mq is achieved on dQ, then we obtain 
a uniform bound by Theorem 15.11 Otherwise at an interior maximum, Proposition 
15.31 and Lemma [5.41 gives 

(6.5) a{y - a)/?^ + (a - 2(1 - y^){y - a))K^ J] < 4a/s:i 

where we have dropped some positive terms from the left hand side of (16.51) and used 
fii^iUi ^ CT- From (16. 5p we see that we must find the minimum of the function 

(6.6) jiv) = a - 2(1 - y^)iy - a) = 2y^ - 2ay^ - 2y + 3a on [a, 1]. 
We have 

I'iy) = my' - 2ay - 1) 

6.7) 

i'{y)=4{3y-a) 
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The unique critical point of 7(2/) in (a, 1) is y* = "■+^^^+^ and some computation 
shows that 

It is also not difficult to see that 7(1/*) < a = 7(a) = 7(1). 
We claim 7(7/*) > if > |. This is equivalent to showing 

4(0^ + 3)5 < a(63-4a2) 

which after squaring both sides is in turn equivalent to 

_ ]^a^ + - = (a^ - -){a' - -) < . 
24 3 ^ 8^^ 3 ^ 

Thus our claim follows. 

Now suppose 2eQ = cr^ — | > and set a? = | + ^o- Then 

^0 ^ ^0 

a — a = > — . 

a + a 2a 

According to Lemma 13751 (see formula (13 .Zp ). r] > a — Ce for a uniform constant C if 
e is sufficiently small. Hence if Ce < 

n — a > (a — a) — Ce > — — Ce > — . 



Returning to formula (16.51) we find 



-^1^1 < 4(TKi 



or 

16(T 16a 



The proof of Theorem 11.21 is complete. 
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